Conjecture C2 Let .M n ; g/ be a closed Riemannian PSC-manifold with torsion free fundamental group, and let . f M n ; e g / be the universal covering of M n with the pull-back metric, then dim mc . f M n ; e g / < n 1.
Let us also recall the Gromov-Lawson-Rosenberg conjecture.
Conjecture 1.3 Let M n be a closed spin manifold, D 1 M n , and let f W M n ! B be a classifying map. Then M n admits a PSC-metric if and only if A ı f .OEM n KO / D 0 in KO n .C r . //, where OEM n KO 2 KO n .M n / is the corresponding fundamental class in KO -theory, C r . / is the reduced C -algebra of the group , and AW KO .B / ! KO .C r . // is the assembly homomorphism of homology theories.
Remark 1.4 f OEM n KO depends only on the bordism class OEM n ; f 2 Spin n .B / (see Hitchin [5] , Gromov-Lawson [4] ).
The following important theorem is proved by J Rosenberg. Theorem 1.5 (Rosenberg [6] ) Let M n be a spin manifold, D 1 M n , and f W M n ! B be a classifying map. If M n is a PSC-manifold then A ı f OEM n KO D 0.
Recall that the Strong Novikov Conjecture asserts the following. Conjecture 1.6 The assembly map AW KO .B / ! KO .C r . // is a monomorphism.
In this paper we prove the following theorem.
Main Theorem Let M n be a closed spin PSC-manifold and D 1 M n . Suppose that cd Ä n 1 and that the Strong Novikov Conjecture holds for . Then Conjecture C2 is true for M n as well. Remark 1.7 Clearly, for the proof of this result it is sufficient to show that the classifying map f W M n ! B can be deformed into the .n 2/-skeleton of B . In this case the covering map e f W f M ! e B .n 2/ would yield the result. Also notice that the Main Theorem is nontrivial only in the case cd D n 1.
Proof of Main Theorem
Proof Let M be an oriented, closed, n-dimensional, spin manifold with torsion free fundamental group . Notice that the Main Theorem is trivial for n D 2. Moreover, since cd 6 D 2 for n D 3, we will assume that n 4. Suppose also that cd D n 1 and OEM D 0 2 Spin n . /.
Consider the following composition of maps:
where p is the factor-map to the factor-space B =B .n 2/ of B by its .n 2/-skeleton.
Since cd D n 1, we can assume that dim B D n 1 and B =B .n 2/ is homeomorphic to a bouquet of .n 1/-dimensional spheres.
We can also assume that M is endowed with cellular decomposition having only one cell in each dimensions 0 and n, and that f is a cellular map. Let f .n 2/ be the restriction of f to the .n 2/-skeleton of M . The first obstruction class OEc
for the extension of f .n 2/ to the .n 1/-skeleton belongs to the group H n 1 .M; n 2 .B .n 2/ //. Notice that by Hurewicz's theorem
is a free ZOE -module. Hence by Poincaré duality with twisted coefficients
Since B is a K. ; 1/-space, we can also extend f .n 1/ to the map y f W M ! B . In the sequel we will denote this map y f by f .
Notice that the first obstruction c n f 2 C n .M; n 1 .B .n 2/ // for an extension of f .n 1/ to all of M can be represented as a composition of ZOE -module homomorphisms:
Consider the following commutative diagram:
Notice that n .B ; B .n 2/ / @ ! n 1 .B .n 2/ / is an isomorphism. This can easily be seen from the exact sequence of the pair .B ; B .n 2/ / since i .B / D 0 for i 2.
Recall that n 4 and
is a free Z 2 OE -module.
Using Poincaré duality for the ZOE -module ƒ D n . e B = e B .n 2/ / it is not hard to verify that
We conclude that OEc f D . x f ı˝Z/.c/, where c is a generator of free module n .M; M .n 1/ /, and OEc f is represented by the map (as an element of the homotopy group n ._ i S n 1 /):
. /
Suppose that for some k the map p k ı x f is not null-homotopic, where p k is the projection on the k -factor of the bouquet. The map
induces a composition of homomorphisms
Clearly, if
then f OEM KO 6 D 0 as well. 
We can extend it to the map F W W n B ! S n 1 which is constant outside i .D n I /.
Clearly, the restriction F j M is homotopic to h ı q in M and the restriction F j @ x B is homotopic to h in @ x B .
Since .h ı q/ OEM KO depends only on the bordism class in Spin n .S n 1 / (Hitchin [5] ), we obtain from Lemma 2.1 that
We will now show that OEh 2 s 1 represents a non-zero element h OES n KO in KO n .S n 1 /.
By assumption h is not homotopic to zero. Therefore h must be homotopic to the Hopf .n 3/-suspension H W S n ! S n 1 which induces a homomorphism H W KO n .S n / ! KO n .S n 1 /. But H OES n KO 6 D 0: Indeed, let x S 1 be a circle with nontrivial spin structure and pr W S n 1 x S 1 ! S n be the natural projection. Using framed surgery along generating circle x S 1 it is easy to verify that:
Moreover, pr OE.S n 1 x S 1 / KO is equal to the generator of
Thus both .h ı q/ OEM KO and f OEM KO are non-zero.
Therefore if the Strong Novikov Conjecture is true, then by Theorem 1.5. M does not admit a PSC-metric.
We conclude that if M is a PSC-manifold, then OE x f D 0. Therefore f can be deformed to the .n 2/-skeleton of B and by Remark 1.7 dim mc f M Ä n 2.
In the case when OEM 6 D 0 2 For the natural cell decomposition of M S 1 the result for M follows from the previous discussion of M S 1 taking into account that if h Ï H , then S h Ï SH . 
